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ON THE GEOGRAPHY OF SIMPLY CONNECTED NONSPIN
SYMPLECTIC 4-MANIFOLDS WITH NONNEGATIVE
SIGNATURE
ANAR AKHMEDOV AND S ¨UMEYRA SAKALLI
ABSTRACT. In [7, 4], the first author and his collaborators constructed
the irreducible symplectic 4-manifolds that are homeomorphic but not
diffeomorphic to (2n − 1)CP2#(2n− 1)CP2 for each integer n ≥ 25,
and the families of simply connected irreducible nonspin symplectic 4-
manifolds with positive signature that are interesting with respect to the
symplectic geography problem. In this paper, we improve the main re-
sults in [7, 4]. In particular, we construct (i) an infinitely many irre-
ducible symplectic and non-symplectic 4-manifolds that are homeomor-
phic but not diffeomorphic to (2n − 1)CP2#(2n − 1)CP2 for each in-
teger n ≥ 12, and (ii) the families of simply connected irreducible non-
spin symplectic 4-manifolds that have the smallest Euler characteristics
among the all known simply connected 4-manifolds with positive sig-
nature and with more than one smooth structure. Our construction uses
the complex surfaces of Hirzebruch and Bauer-Catanese on Bogomolov-
Miyaoka-Yau line with c2
1
= 9χh = 45, along with the exotic symplectic
4-manifolds constructed in [2, 5, 3, 6, 10].
1. INTRODUCTION
Let X be a closed simply connected symplectic 4-manifold, and e(X)
and σ(X) denote the Euler characteristic and the signature of X , respec-
tively. We define the following two invariants associated to X
χ(X) := (e(X) + σ(X))/4 and c21(X) := 2e(X) + 3σ(X)
Recall that if X is a complex surface, then χ(X) is equal to the holomor-
phic Euler characteristic χh(X) of X , while c21(X) is equal to the square
of the first Chern class of X . A fundamental and challenging problem in
the theory of complex surfaces (referred as the geography problem) is the
characterization of all ordered pairs of integers (a, b) that can be realized
as (χh(X), c21(X)) for some minimal complex surface X of general type.
The geography problem for complex surfaces was originally introduced and
studied by Persson in [35], and further progress on this problem was made
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in [29, 39, 15, 36, 38]. It seems presently out of reach to determine all such
pairs (a, b) that can be realized, even if one considers the simply complex
surfaces with negative signature (see discussion in [12], pages 291-93).
Since all simply connected complex surfaces are Ka¨hler, thus symplec-
tic, it is a natural problem to consider a similar problem for symplectic
4-manifolds. The symplectic geography problem was originally introduced
by McCarthy - Wolfson in [30], refers to the problem of determining which
ordered pairs of non-negative integers (a, b) are realized as (χ(X), c21(X))
for some minimal symplectic 4-manifold X . The geography problem of
simply connected minimal symplectic 4-manifolds has been first systemat-
ically studied in [20], then studied subsequently in [17, 34, 33]). It was
shown in [20, 17, 33]) that many pairs (χ, c21) in negative signature re-
gion can be realized with non-spin symplectic 4-manifolds, but there were
finitely many lattice points with signature σ < 0 left unrealized. More
recently, it was shown in [3] and the subsequent work in [6], that all the lat-
tice points with signature less than 0 can be realized with simply connected
minimal symplectic 4-manifolds with odd intersection form. In terms of
the symplectic geography problem, the work in [3, 6] concluded that there
exists an irreducible symplectic 4-manifold and infinitely many irreducible
non-symplectic 4-manifolds with odd intersection form that realize the fol-
lowing coordinates (χ, c21) when 0 ≤ c21 < 8χ. A similar results for the
nonnegative signature case were obtained in [7, 4]. We would like to re-
mark that throughout this paper, we consider the geography problem for
non-spin symplectic and smooth 4-manifolds. For the spin symplectic and
smooth geography problems, we refer the reader to [34, 8] and references
therein.
Our purpose in this article is to construct new non-spin irreducible sym-
plectic and smooth 4-manifolds with nonnegative signature that are interest-
ing with respect to the symplectic and smooth geography problems. More
specifically, we construct i) the infinitely many irreducible symplectic and
infinitely many non-symplectic 4-manifolds that all are homeomorphic but
not diffemorphic to (2n− 1)CP2#(2n− 1)CP2 for any n ≥ 12, and ii) the
families of simply connected irreducible non-spin symplectic 4-manifolds
with positive signature that have the smallest Euler characteristics among
the all known simply connected 4-manifolds with positive signature and
with more than one smooth structure. The building blocks for our con-
struction are the complex surfaces of Hirzebruch and Bauer-Catanese on
Bogomolov-Miyaoka-Yau line with c21 = 9χh = 45, obtained as (Z/5Z)2
covering of CP2 branched along a complete quadrangle [12, 13] (and their
generalization in [14]), and the exotic symplectic 4-manifolds constructed
by the first author and his collaborators in [2, 5, 3, 6, 10], obtained via the
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combinations of symplectic connected sum and Luttinger surgery opera-
tions. We would like to point out that using our recipe and the family of
examples in a very recent preprint of Catanese and Dettweiler [14], one can
generalize our construction to obtain examples of simply connected irre-
ducible symplectic 4-manifolds with positive signature that are interesting
to the symplectic geography problem. This is explained in subsection 5.4.
Let CP2 denote the complex projective plane, with its standard orienta-
tion, and let CP2 denote the underlying smooth 4-manifold CP2 equipped
with the opposite orientation. Our main results are stated as follows
Theorem 1.1. Let M be (2n − 1)CP2#(2n − 1)CP2 for any integer n ≥
12. Then there exist an infinite family of non-spin irreducible symplectic 4-
manifolds and an infinite family of irreducible non-symplectic 4-manifolds
that all are homeomorphic but not diffeomorphic to M .
The above theorem improves one of the main results in [7] (see page 11)
where exotic irreducible smooth structures on (2n− 1)CP2#(2n− 1)CP2
for n ≥ 25 were constructed. Our next theorem improves the main results
of [7, 4] for the positive signature case (see also the subsection 5.4, where
we delt with the cases of signature greater than 3).
Theorem 1.2. Let M be one of the following 4-manifolds.
(i) (2n− 1)CP2#(2n− 2)CP2 for any integer n ≥ 14.
(ii) (2n− 1)CP2#(2n− 3)CP2 for any integer n ≥ 13.
(iii) (2n− 1)CP2#(2n− 4)CP2 for any integer n ≥ 15.
Then there exist an infinite family of irreducible symplectic 4-manifolds and
an infinite family of irreducible non-symplectic 4-manifolds that are home-
omorphic but not diffeomorphic to M .
The organization of our paper is as follows. In Section 2, we introduce
some background material on abelian covers and recall the construction
of complex surfaces of Hirzebruch and Bauer-Catanese, with invariants
c21 = 9χh = 45, that are obtained as an abelian covering of CP2 branched in
a complete quadrangle. Furthermore, we prove a few results on these com-
plex surfaces which will be needed later in the sequel. In Section 3 we re-
view the exotic non-spin symplectic and smooth 4-manifolds with negative
signature constructed by the first author and his collaborators in [2, 3, 6, 10],
which will serve as a second family of building block for our construction,
and prove some lemmas about them that will be used in our proofs. The
Sections 4 and 5 are mostly devoted to the proofs of Theorem 1.1 and The-
orem 1.2, respectively. In Section 5, we also present the generalization of
our examples to the cases of signature greater than 3.
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2. COMPLEX SURFACES WITH c12 = 45 AND χh = 5
In this section, we review the complex surfaces of Hirzebruch with in-
variants c12 = 45 and χh = 5 (see [12], pages 240-42). These surfaces
have been studied recently in the works of Bauer and Catanese (see [13]).
These complex surfaces of general type are obtained as (Z/5Z)2 covers of
CP
2 branched in a complete quadrangle (cf. [13]) and sit on Bogomolov-
Miyaoka-Yau line c12 = 9χh. They will serve as one of the two building
blocks in our construction of exotic simply connected non-spin 4-manifolds
with nonnegative signature, which will be obtained via the symplectic con-
nected sum operation. Below, after recalling the construction of these com-
plex surfaces (which employs the abelian covers) and computing their in-
variants, we will consider the fibration structure on them and derive some
topological properties of these fibrations that will be used in our construc-
tion.
2.1. Abelian Covers. In what follows, we recall basic definitions and prop-
erties of Abelian Galois ramified coverings. The proofs will be omitted, and
the reader is referred to [32, 12] for the details.
Definition 2.1. Let Y be a variety. An abelian Galois ramified cover of Y
with abelian Galois group G is a finite map p : X → Y with a faithful
action of G on X such that p exhibits Y as the quotient of X by G.
We call such coverings abelianG-covers and will assume that Y is smooth
and X is normal. Let R denote the ramification divisor of p which consists
of the points of X that have nontrivial stabilizer. Indeed, R is the critical set
of p, and p(R) is the branch divisor denoted by D. It is known that to every
component of D, we can associate a cyclic subgroup H of G and a genera-
tor ψ of H∗, the group of characters of H ([32], p195). We let DH,ψ be the
sum of all components of D which have the same group H and character ψ.
Now for an abelian G-cover p : X → Y as above, and for any cyclic
subgroup H of G, let g and mH denote the orders of G and H , respectively.
Then, the canonical classes of X and Y satisfy
(1) KX2 = g
(
KY +
∑
H,ψ
mH − 1
mH
DH,ψ
)2
where the sum is taken over the set C of cyclic subgroups of G and for each
H in C, the set of generators ψ of H∗ (cf. [32], Prop 4.2).
Let us consider an abelian G-cover and let D =
k⋃
i=1
Di be its branch divi-
sor with smooth irreducible components. Let χ : G → Z/d be a character
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of G and Lχ be a divisor associated to the eigensheafO(Lχ). Then we have
(cf. [13])
(2) dLχ =
k∑
i=1
δiDi, δi ∈ Z/dZ ≃ {0, 1, . . . , d− 1}.
2.2. Construction of smooth surfaces with K2 = 45 and χh = 5. Be-
low we recall the construction of smooth algebraic surfaces with K2 = 45
and χh = 5, following [13]. These complex surfaces of general type are
obtained as abelian covering of the complex plane branched over an ar-
rangement of six lines shown as in Figure 1, and were initially studied by
Hirzebruch (cf. [16], p.134).
P1 P2
P3
P0
L1L2
L3
L
′
1
L
′
2
L
′
3
FIGURE 1. Complete Quadrangle in CP2
In complex projective plane CP2 we take a complete quadrangle∆, which
consist of the union of 6 lines through 4 points P0, · · · , P3 in the general po-
sitions (see Figure 1). Let us blow up CP2 at the points P0, · · · , P3, and let
π : Y := ĈP2 → CP2 be the blow up map and Ei be the exceptional divisor
corresponding to the blow up at the point Pi for i = 0, · · · , 3. We introduce
some notations now. In what follows, i, j, k denote distinct elements of the
set {1, 2, 3}. Let H be the total transform in Y of a line in CP2, and let L˜j
and L˜′j be the strict transform of the lines Lj and L′j in CP2. That is to say,
(3) L˜j = H − Ei − Ek, L˜′j = H −E0 − Ej .
Let
(4) D = L˜1 + L˜2 + L˜3 + L˜′1 + L˜′2 + L˜′3 + E0 + · · ·+ E3
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be a divisor on Y which has simple normal crossings and consists of the
union of 10 lines (arising from the six lines of the quadrangle ∆ and four
exceptional divisors coming from the blow ups). Notice that H,E0, · · · , E3
are generators ofH2(Y,Z), andH1(Y−D,Z) is generated by e0, · · · , e3, l1, l2, l3, l′1, l′2, l′3
with the relations
e0 = l
′
1 + l
′
2 + l
′
3, ei = li + l
′
j + l
′
k,
∑
li +
∑
l′i = 0
where ei, li, l′i denote simple closed loops around Ei, L˜i and L˜′i respectively.
Hence H1(Y − D,Z) is free group of rank 5. We know that a surjective
homomorphismϕ : Z5 ≃ H1(Y −D,Z)→ (Z/5Z)2 determines an abelian
(Z/5Z)2−cover p : S → Y = ĈP2. It can be shown that p is branched
exactly in D given by (4). Since D has simple normal crossings, the total
space S is smooth.
Now for the total space S of an abelian (Z/5Z)2−cover p over Y , branched
at D, we will show that c21(S) = K2S = 45 and χh(S) = 5. Since the canon-
ical class KY of Y is −3H +
3∑
i=0
Ei, using the equation (1), we compute
K2S = 5
2
(
(−3H +
3∑
i=0
Ei) +
4
5
3∑
i=0
Ei +
4
5
3∑
i=1
(Li + L
′
i)
)2
Next, using the relations in (3), we get
K2S = 5
2
(
(−3H +
3∑
i=0
Ei) +
4
5
(6H − 2E0 − 2E1 − 2E2 − 2E3)
)2
= 52
(9
5
H −
3
5
3∑
i=0
Ei
)2
Since H · Ei = 0, H2 = 1 and E2i = −1, the above formula simplifies to:
K2S = 9
2 − 4 · 32 = 45.
The Euler number e(S) of S can be found as follows.
e(S) = 25e(ĈP2 = CP2#4CP2)− 20 · 10e(CP1) + 16 · 15 = 15.
This equality follows from the inclusion-exclusion principle. In fact,
if the degree 25 cover was unramified, we would have the Euler number
e = 25e(ĈP2). Since for the lines in D the cover is of degree 5, their con-
tribution to e(S) is 10 · 5e(CP1). Therefore, we subtract 10 · 20e(CP1). But
then for the points at the intersection of the lines in D, we need to add 16
times the Euler number of 15 points. Hence the above equality holds.
Finally, since 12χh(S)− c21(S) = e(S), we have χh(S) = 5.
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Remark 2.2. It is interesting to compare the above special construction
with the more general constructions given in [12], p.240 and [16], p.134.
In [12, 16], using the arrangements of k lines in CP2 and taking their as-
sociated abelian (Z/nZ)k−1-covers, various algebraic surfaces were con-
structed. Notice that a partucular configuration with k = 6 and n = 5,
leads to a surface X(2) with c21(X(2)) = 55(81/52 − 36/52) = 45 · 53 and
e(X(2)) = 15 · 53. Indeed, for the total spaces X(m) of (Z/5Z)m-covers
over the above configuration of 6 lines (where m ≥ 2), we have
(5) c21(X(m)) = 45 · 5m−2 and e(X(m)) = 15 · 5m−2, for m ≥ 2.
In [13], Bauer and Catanese show that there are 4 nonisomorphic surfaces
S1, S2, S3, S4 obtained from abelian (Z/5Z)2−covers over Y , branched at
D, with invariants K2 = 45 and χh = 5. For S3, we easily compute that
H0(S,OS(KS)) ≃ C ⊕ C ⊕ C ⊕ C by using (2) . Hence the geometric
genus pg = dimH0(S,OS(KS)) = 4. Furthermore, from the formula
χh = pg − q + 1
where q is the regularity of the surface, we find that q for S3 is zero, hence
S3 is regular. Similarly, one can find that the irregularity of Si, i ∈ {1, 2, 4},
is 2. Therefore, only one of them is a regular surface. Let S denote one of
the surfaces Si, for i ∈ {1, 2, 4}.
2.3. Fibration Structure on S. In this subsection we analyze a well-known
fibration structure on the complex surfaces S constructed above with q = 2.
Let R1, · · · , R10 be the ramification divisors of p : S → Y lying over the
lines L˜′1, L˜′2, L˜′3, L˜1, L˜2, L˜3, E0, · · · , E3, respectively. Since R2i = −1 and
KS ·Ri = 3, by the adjunction formula KS ·Ri+R2i = 2g− 2, we see that
the complex curves Ri’s have genus 2 for i = 1, · · · , 10. Consider the map
p ◦ π : S → CP2, where π is the blow up map. Let P be one of the four
vertices of the complete quadrangle ∆ in CP2 (see Figure 1). The pencil of
lines in CP2 passing through the point P lifts to the fibration on S. Let us
take one such point say, P3 which is the intersection point of L2, L′3 and L1
in ∆ ⊂ CP2. To determine the genus of the generic fiber of this fibration,
we take a line K passing through P3 that is different than L2, L′3 and L1 (see
Figure 2). Observe that on K there are 4 branch points. Furthermore, above
each point onK where no two lines intersect, there are 25/5 points (cf. [12],
p.241). Thus, the preimage of line K − E3 in Y , which is the generic fiber
of the given fibration, is a degree 5 cover of K − E3 branched at 4 points.
For the determination of the genus g of the surface above K−E3, we apply
the Riemann-Hurwitz ramification formula
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(6) 2g − 2 = 5(−2 + 4 · 4
5
)⇒ g = 4.
Therefore, generic fibers are of genus 4 surfaces. Moreover, there are
4 distinct fibrations in S coming from the points Pi’s, the vertices of the
complete quadrangle.
Before proving the Proposition 2.9, we state some well-known results
in Complex Surface Theory that will be used in that proof. The proof of
the first proposition can be found in [[12], Proposition 11.4, page 118]. It
is useful in determining the topological type of the singular fibers of the
fibration on S given above.
P3
P1 P2
P0
L1L2
L3
L
′
1
L
′
2
L
′
3
K
pi
K − E3
E3
−1
L˜2 L˜
′
3
L˜1
E1 E0 E2
−1 −1 −1
in CP 2 in Y
p
Σ4
in S
R10 −1
R8 R7 R9
R5 R3 R4
−1
−1
−1
0
−1 −1
−1
FIGURE 2. Genus 4 fibration on S with 3 singular fibers
Proposition 2.3. Let X be a compact connected smooth surface, and C be
a smooth connected curve. Let f : X → C be a fibration with g > 0, where
g is the genus of the general fiber Xs, and Xgen a nonsingular fiber. Then
(i) e(Xs) ≥ e(Xgen) for all fibers
(ii) e(Xs) > e(Xgen) for all singular fibers Xs, unless Xs is a multiple
fiber with (Xs)red nonsingular elliptic curve
(iii) e(X) = e(Xgen) · e(C) +
∑
(e(Xs)− e(Xgen))
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Before stating the next proposition, we need to introduce some notations
and facts. We follow the notations introduced in [44, 43]. Let f : X → C
be a fibration, and F = f−1(c) denote a regular fiber of f . The inclusion
map i : F −֒→ X induces the homomorphism i∗ : π1(F ) → π1(X). Let
us denote the image of i∗ by Vf , and call it the vertical part of π1(X).
The following lemmas and corollary are not hard to prove (see [43], pages
13-14).
Lemma 2.4. Vf is a normal subgroup of π1(X), and is idependent of the
choice of F .
Let us define the horizontal part of π1(X) as Hf := π1(X)/Vf . Thus,
we have 1→ Vf → π1(X)→ Hf → 1.
Let us denote by {x1, · · · , xs} the images of all the multiple fibers of f
(which maybe empty) and by {m1, · · · , ms} their corresponding multiplic-
ities. Let C ′ = C \ {x1, · · · , xs} and γi be a small loop around the point
xi.
Lemma 2.5. The horizontal partHf is the quotient of π1(C ′) by the normal
subgroup generated by the conjugates of γimi for all i.
The proposition given below was proved in [43, 44].
Proposition 2.6. Let now F be any fiber of f with multiplicity m. Then the
image of π1(F ) in π1(S) contains Vf as a normal subgroup, whose quotient
group is cyclic of order m, which maps isomorphically onto the subgroup
of Hf generated by the class of a small loop around the image of F in S.
The following corollary immediate consequence
Corollary 2.7. If f has a section, then 1→ Vf → π1(X)→ C → 1.
The proof of the next proposition can be found in [31] (see Corollary 2.4
B, page). It essentially follows from Nori’s work on Zariski’s conjecture.
Proposition 2.8. Let C be an embedded algebraic curve with C2 > 0 in
an algebraic surface X , then the induced group homomorphism π1(C) →
π1(X) is surjective.
Using the discussion above and Propositions 2.3, 2.6, and 2.8, we can
prove the following
Proposition 2.9. Let S be the surface (with q = 2) given as above. Then
the followings holds:
(i) S admits a genus 4 fibration over genus 2 surface with 3 singular
fibers
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(ii) S contains an embedded symplectic genus 6 curveR such that π1(R)→
π1(S) is surjective.
(iii) S#CP2 contains an embedded symplectic genus 6 curve R˜ with
self-intersection zero such that π1(R˜)→ π1(S#CP2) is surjective.
Proof. To prove (i) we consider the fibration given above, arising from the
pencil of lines in CP2 passing through one of the vertices of the quadrangle
∆. As we have shown above, the generic fiber of this fibration has genus 4,
and the ramification curves L˜′1, L˜′2, L˜′3, L˜1, L˜2, L˜3, E0, · · · , E3 lifts to −1
complex curves R1, · · · , R10 in S, respectively. Using the branched curves
it is easy to see that the exceptional sphere E3 lifts to a −1 curve R10 in
S. Thus, we have a fibration f : S → C, where C is a genus two curve.
Furthemore, using the fact that e(S) = 15, e(C) = −2, e(Sgen) = −6 and
Proposition 2.3, we see that the fibration f : S → C has three singular
fibers and each singular fiber has Euler characteristic −5. Furthemore, it is
easy to see from the branched cover description of S that each singular fiber
has two irreducible components (arising from the curves L˜2 ∪E1 , L˜′3 ∪E0
, and L˜1 ∪ E2 in Y ), where each component is genus two curve of square
−1 (see the Figure 2)
(ii) The symplectic genus 6 curve R can be constructed in several ways:
we simply can take one copy of a singular fiber Ssing, say R3 ∪ R7 of
the fibration f : S → C, and −1 curve R10, and resolve their trans-
verse intersection point and also the single intersection point of the ir-
reducible components R3 and R7 of Ssing, which are smooth genus two
curves of square −1, of symplectically. Note that such a resolution can be
done also holomorphically. The resulting curve R has the self-intersection
R2 = (Ssing + R10)
2 = 2Ssing · R10 + R10
2 = 2 + (−1) = 1. Using
the lemmas above or Proposition 2.8, we deduce that π1(R) → π1(S) is
surjective.
Alternatively, we can also construct such R by resolving the transverse
intersection points of the complex genus two curves R10, R4, and R9 (see
the Figure 2). In this case, again we have R2 = (R10 + R4 + R9)2 =
2(R10 ·R4+R4 ·R5)+R10
2+R5
2+R4
2 = 4− 3 = 1. Similarly as above,
we can deduce that π1(R)→ π1(S) is surjective.
We also refer a curious reader to the Section 5 in [13], where the explicit
computation of the fundamental group of S given in Proposition 5.2, which
relies on the work of Terada (see Theorem 5.1).
(iii) Let R˜ be the symplectic genus six curve in S#CP2 obtained by
blowing up R at a point. Since R˜2 = 0, the proof now simply follows from
(ii).
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3. SYMPLECTIC CONNECTED SUM AND LUTTINGER SURGERY
The symplectic connected sum (cf. [20]) and Luttinger surgery (cf. [27],
[11]) operations have been very effective tools recently for constructing ex-
otic smooth structures on 4-manifolds [2, 5, 3, 6, 10]. In what follows, we
will briefly review the symplectic connected sum and Luttinger surgery op-
erations, list some known results about them, and recall a few constructions
of exotic 4-manifolds with negative signatures obtained in [2, 5, 3, 6, 10]
via these operations, which we will use to build our exotic 4-manifolds with
nonnegative signature later in the sequel.
3.1. Symplectic Connected Sum. Let us recall the definition and some
basic facts about the symplectic connected operation. For the details, the
reader is referred to [20].
Definition 3.1. Let (X1, ω1) and (X2, ω2) be closed symplectic 4-dimensional
manifolds containing closed embedded surfaces F1 and F2 of genus g, with
normal bundles ν1 and ν2, respectively. Assume that the Euler class of νi
satisfy e(ν1) + e(ν2) = 0. Then for any choice of an orientation reversing
bundle isomorphism ψ : ν1 ∼= ν2, the symplectic connected sum of X1 and
X2 along F1 and F2 is the smooth manifold
X1#ψX2 = (X1 − ν1) ∪ψ (X2 − ν2)
.
Note that the diffeomorphism type of X1#ψX2 depends on the choice of
the embeddings and isomorphism ψ.
Theorem 3.2. The 4-manifoldX1#ψX2 admits a canonical symplectic struc-
ture ω induced by ω1 and ω2.
The Euler characteristic and the signature of the symplectic connected
sum X1#ψX2 are easy to compute, and they are given by the following
formulas:
(7) e(X1#ψX2) = e(X1) + e(X2) + 4(g − 1),
σ(X1#ψX2) = σ(X1) + σ(X2)
These formulas, in turn, imply the following formulas:
(8) χ(X1#ψX2) = χ(X1) + χ(X2) + (g − 1),
c21(X1#ψX2) = c
2
1(X1) + c
2
1(X2) + 8(g − 1)
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Next, we state a proposition which will be useful in the fundamental
group computations of our examples obtained via the symplectic connected
sum operation. The proof of this proposition can be found in [20] and [23].
Proposition 3.3. Let X be closed, smooth 4-manifold, and Σ be closed
submanifold of dimension 2. Suppose that there exist a sphere S in X that
intersects Σ transversally in exactly one point, then the homomorphism j∗ :
π1(X \Σ)→ π1(X) induced by inclusion is an isomorphism. In particular,
if X is simply connected, then so is X \ Σ.
3.2. Luttinger surgery. Let (X,ω) be a symplectic 4-manifold, and Λ be
a Lagrangian torus embedded in (X,ω). It follows from the adjunction
formula that the self-intersection number of Λ is 0, thus it has a trivial nor-
mal bundle. By Weinstein’s Lagrangian neighborhood theorem, a tubular
neighborhood νΛ of Λ in X can be identified symplectically with a neigh-
borhood of the zero-section in the cotangent bundle T ∗Λ ≃ T ×R2 with its
standard symplectic structure. Let γ be any simple closed curve on Λ. The
Lagrangian framing described above determines, up to homotopy, a push-
off of γ in ∂(νΛ). Let γ′ is a simple loop on ∂(νΛ) that is parallel to γ
under the Lagrangian framing.
Definition 3.4. For any integer m, the (Λ, γ, 1/m) Luttinger surgery on X
is defined as XΛ,γ(1/m) = (X \ ν(Λ)) ∪φ (S1 × S1 × D2), where, for a
meridian µΛ of Λ, the gluing map φ : S1 × S1 × ∂D2 → ∂(X \ ν(Λ))
satisfies φ([∂D2]) = m[γ′] + [µΛ] in H1(∂(X \ ν(Λ))
It is shown in [11] that XΛ,γ(1/m) possesses a symplectic form which
agrees with the original symplectic form ω onX\νΛ. The following lemma
is easy to verify, the proof will be omitted.
Lemma 3.5. We have π1(XΛ,γ(1/m)) = π1(X − νΛ)/N(µΛγ′m), where
N(µΛγ
′m) denotes the normal subgroup of π1(X − νΛ) generated by the
product µΛγ′m. Moreover, we have σ(X) = σ(XΛ,γ(1/m)), and e(X) =
e(XΛ,γ(1/m)), where σ and χ denote the signature and the Euler charac-
teristic, respectively.
3.3. Luttinger surgeries on product manifolds Σn × Σ2 and Σn × T2.
In the following, we recall the construction of symplectic 4-manifolds in
[6], obtained from Σn × Σ2 and Σn × T2 by performing a sequence of
Luttinger surgeries along the Lagrangian tori. We use the same notations
as in [6] throughout this paper. The following two families of symplectic
4-manifolds will be used as the building blocks in our construction.
The first family of examples have the same cohomology ring as (2n −
3)(S2 × S2), and are constructed as follows. We fix integer n ≥ 2, and
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denote by Yn the symplectic 4-manifold obtained by performing 2n + 4
Luttinger surgeries on Σn × Σ2, which consist of the following 8 surgeries
(a′1 × c
′
1, a
′
1,−1), (b
′
1 × c
′′
1, b
′
1,−1),
(a′2 × c
′
2, a
′
2,−1), (b
′
2 × c
′′
2, b
′
2,−1),
(a′2 × c
′
1, c
′
1,+1), (a
′′
2 × d
′
1, d
′
1,+1),
(a′1 × c
′
2, c
′
2,+1), (a
′′
1 × d
′
2, d
′
2,+1),
followed by the set of additional 2(n− 2) Luttinger surgeries
(b′1 × c
′
3, c
′
3,−1), (b
′
2 × d
′
3, d
′
3,−1),
. . . , . . . ,
(b′1 × c
′
n, c
′
n,−1), (b
′
2 × d
′
n, d
′
n,−1).
In the notation above, ai, bi (i = 1, 2) and cj, dj (j = 1, . . . , n) denote the
standard loops that generate π1(Σ2) and π1(Σn), respectively. The Figure 3,
which was borrowed from [6] (with a slight modification), depicts a typical
Lagrangian tori along which the Luttinger surgeries are performed.
x
x
y
x
x
y
y y
x
y
aia
′
i
ai
bi
d
′
ja
′′
i
dj
bi
cj
c
′
j
cj
dj
FIGURE 3. Lagrangian tori a′i × c′j and a′′i × d′j
Using the Lemma 3.5, we see that the Euler characteristic of Yn is 4n−4
and the signature is 0. Furthermore, the Lemma 3.5 implies that the fun-
damental group π1(Yn) is generated by loops ai, bi, cj, dj (i = 1, 2 and
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j = 1, . . . , n) and the following relations hold in π1(Yn):
[b−11 , d
−1
1 ] = a1, [a
−1
1 , d1] = b1, [b
−1
2 , d
−1
2 ] = a2, [a
−1
2 , d2] = b2,(9)
[d−11 , b
−1
2 ] = c1, [c
−1
1 , b2] = d1, [d
−1
2 , b
−1
1 ] = c2, [c
−1
2 , b1] = d2,
[a1, c1] = 1, [a1, c2] = 1, [a1, d2] = 1, [b1, c1] = 1,
[a2, c1] = 1, [a2, c2] = 1, [a2, d1] = 1, [b2, c2] = 1,
[a1, b1][a2, b2] = 1,
n∏
j=1
[cj, dj] = 1,
[a−11 , d
−1
3 ] = c3, [a
−1
2 , c
−1
3 ] = d3, . . . , [a
−1
1 , d
−1
n ] = cn, [a
−1
2 , c
−1
n ] = dn,
[b1, c3] = 1, [b2, d3] = 1, . . . , [b1, cn] = 1, [b2, dn] = 1.
Note that the surfaces Σ2 × {pt} and {pt} × Σn in Σ2 × Σn are not
affected by the above Luttinger surgeries, thus they descend to surfaces in
Yn. We will denote these symplectic submanifolds by Σ2 and Σn. Notice
that we have [Σ2]2 = [Σn]2 = 0 and [Σ2] · [Σn] = 1. Moreover, when n ≥ 3,
the symplectic 4-manifold Yn contains 2n − 4 pairs of geometrically dual
Lagrangian tori. These Lagrangian tori together with Σ2 and Σn generates
the second homology group H2(Yn) ∼= Z4n−6.
Now we will consider a different family. Let us fix integers n ≥ 2,
m ≥ 1, p ≥ 1 and q ≥ 1. Let Yn(1/p,m/q) denote smooth 4-manifold
obtained by performing the following 2n torus surgeries on Σn × T2:
(a′1 × c
′, a′1,−1), (b
′
1 × c
′′, b′1,−1),(10)
(a′2 × c
′, a′2,−1), (b
′
2 × c
′′, b′2,−1),
· · · , · · ·
(a′n−1 × c
′, a′n−1,−1), (b
′
n−1 × c
′′, b′n−1,−1),
(a′n × c
′, c′,+1/p), (a′′n × d
′, d′,+m/q).
Let ai, bi (i = 1, 2, · · · , n) and c, d denote the standard generators of
π1(Σn) and π1(T2), respectively. Since all the torus surgeries listed above
are Luttinger surgeries when m = 1 and the Luttinger surgery preserves
minimality, Yn(1/p, 1/q) is a minimal symplectic 4-manifold. The fun-
damental group of Yn(1/p,m/q) is generated by ai, bi (i = 1, 2, 3 · · · , n)
and c, d, and the Lemma 3.5 implies that the following relations hold in
π1(Yn(1/p,m/q)):
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[b−11 , d
−1] = a1, [a
−1
1 , d] = b1, [b
−1
2 , d
−1] = a2, [a
−1
2 , d] = b2,(11)
· · · , · · · ,
[b−1n−1, d
−1] = an−1, [a
−1
n−1, d] = bn−1, [d
−1, b−1n ] = c
p, [c−1, bn]
−m
= dq,
[a1, c] = 1, [b1, c] = 1, [a2, c] = 1, [b2, c] = 1,
[a3, c] = 1, [b3, c] = 1,
· · · , · · · ,
[an−1, c] = 1, [bn−1, c] = 1,
[an, c] = 1, [an, d] = 1,
[a1, b1][a2, b2] · · · [an, bn] = 1, [c, d] = 1.
In this paper we will only consider the case p = q = 1. Let us denote
by Σ′n,Σ′1 ⊂ Yn(1, l) a genus n surface and a torus that desend from the
surfaces Σn × {pt} and {pt} × T2 in Σn × T2. The surfaces Σ′1 and Σ′n
generates the second homology group H2(Yn(1, l)) ∼= Z2.
The following two theorems and the corollary derived from them are
proved in [7] and [4] (see also [3], Theorem 23; [6], Theorem 2). We in-
clude them below for reader’s convenience to make the exposition more
self-contained.
Theorem 3.6. LetX be a closed symplectic 4-manifold that contains a sym-
plectic torus T of self-intesection 0. Let νT be a tubular neighborhood of
T and ∂(νT ) its boundary. Suppose that the homomorphism π1(∂(νT )) →
π1(X \νT ) induced by the inclusion is trivial. Then for any pair of integers
(χ, c) satysfying
(12) χ ≥ 1 and 0 ≤ c ≤ 8χ
there exist a symplectic 4-manifold Y with π1(Y ) = π1(X),
(13) χh(Y ) = χh(X) + χ and c12(Y ) = c12(X) + c
Moreover, if X is minimal then Y is minimal as well. If c < 8χ, or c = 8χ
and X has an odd intersection form, then the corresponding Y has an odd
indefinite intersection form.
The next theorem will be used to produce an infinite family of pairwise
nondiffeomorphic, but homeomorphic simply connected 4-manifolds.
Theorem 3.7. Let Y be a closed simply connected minimal symplectic 4-
manifold with b+2 (Y ) > 1. Assume that Y contains a symplectic torus T
of self-intersection 0 such that π1(Y \ T ) = 1. Then there exist an infinite
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family of pairwise nondiffemorphic irreducible symplectic 4-manifolds and
an infinite family of pairwise nondiffemorphic irreducible nonsymplectic 4-
manifolds, all of which are homemorphic to Y .
The following corollary follows from the above Theorems, and proof can
be found in [4].
Corollary 3.8. Let X be a closed simply connected nonspin minimal sym-
plectic 4-manifold with b+2 (X) > 1 and σ(X) ≥ 0. Assume that X con-
tains disjoint symplectic tori T1 and T2 of self-intersections 0 such that
π1(X \ (T1 ∪ T2)) = 1. Suppose that σ is a fixed integer satisfying 0 ≤
σ ≤ σ(X). If ⌈x⌉ = min{k ∈ Z|k ≥ x} and we define
(14) l(σ) =
⌈
σ(X)−σ
8
− 1
⌉
then if k is any odd integer satisfying k ≥ b2+(X) + 2l(σ) + 2, then there
exist an infinite family of pairwise nondiffemorphic irreducible symplectic
4-manifolds and an infinite family of pairwise nondiffemorphic irreducible
nonsymplectic 4-manifolds, all of which are homemorphic to kCP2#(k −
σ)CP
2
3.4. Symplectic Building Blocks. In this section we collect some sym-
plectic building blocks that will be used in our construction of exotic 4-
manifolds with nonnegative signature. The symplectic 4-manifolds, with
negative signature, given below were constructed by the first author and his
collaborators in [2, 6, 10]).
Our first family of symplectic building blocks comes from [10] (see The-
orem 5.1, page 14), though a few cases were treated in [2] (see Theorems
2, page 2). Let us state the Theorem 5.1 [10] in a special case that we will
need.
Theorem 3.9. Let M be (2k − 1)CP2#(2k + 3)CP2 for any k ≥ 1. There
exist a family of smooth closed simply-connected minimal symplectic 4-
manifold and an infinite family of non-symplectic 4-manifolds that is home-
omorphic but not diffeomorphic to M that can obtained by a sequence of
Luttinger surgeries and a single generalized torus surgery on Lefschetz fi-
brations.
For the convenience of the reader, we sketch the construction given in
[10] (in a special case n = 1), and direct the reader to this reference
for full details. It is well known that the symplectic 4-manifold Y (k) =
Σk × S
2#4CP
2
admits a genus 2k Lefschetz fibration over S2 with 2k + 2
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vanishing cycles [24]. One of the two building blocks of exotic M , given as
in the statement of the theorem above, is Y (k) with a genus 2k symplectic
submanifold Σ2k ⊂ Y (k), a regular fiber of the Lefschetz fibration. We en-
dowed Y (k) = Σk × S2#4CP
2
with the symplectic structure induced from
the given Lefschetz fibration. The other building block of exotic M is the
smooth 4-manifold Yg(1, m), along the submanifold Σ′g of genus g. Recall
from ([10], see pages 14-15), the manifold Yg(1, m) was obtained from the
product 4-manifold Σg×T2 by performing appropriate 2g−1 Luttinger, and
one generalized torus surgeries, where we set g = 2k. Let X(k,m) denote
the smooth 4-manifold obtained by forming the smooth fiber sum of Y (k)
and Yg(1, m) along the surfaces Σ2k and Σ′g. We shall need the following
Theorem proved in [10] (see proof of Theorem 5.1, pages 14-18), which
summarize topological properties of the manifold X(k,m).
Theorem 3.10. (i) X(k,m) is simply connected
(ii) e(X(k,m)) = 4k+4, σ(X(k,m)) = −4, c21(X(n, k,m)) = 8k−4,
and χ(X(k,m)) = k.
(iii) X(k,m) is minimal symplectic for m = ±1 and non-symplectic for
|m| > 1.
(iv) X(k,m) contains the smooth surfaceΣ of genus 2k with self-intersection
0, and 4 tori Ti of self-intersection −1 intersecting Σ positively and
transversally. Moreover, if m = ±1, these submanifolds all are
symplectic.
cB0
B1
B2
Bg
FIGURE 4. Vanishing cycles of a genus 2k Lefschetz fibra-
tion on Y (k)
Remark 3.11. In addition to the surfaces given in (iv), X(k,m) contains
2k−2 disjoint rim tori R¯i with self-intersections 0, and their associated dual
vanishing classes Vi with self-intersection −2, and smooth surface Σg+1
with self-intersection 0. The rim tori R¯i and their associated dual vanishing
classes Vi (which all are tori) arise from the generalized fiber sum of Y (k)
and Yg(1, m) along Σ2k. Notice that the vanishing cycles B3, B4, · · · , B2k
bound the vanishing disk in Y (k) \ Σ2k × D2 and −1 torus in Yg(1, m) \
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Σ2k × D
2
. The second homology of X(k,m) is generated by the classes of
these 4k + 2 surfaces. Furthemore, in X(k,±1) the surfaces R¯i and Vi are
Lagrangian, and the rest of the surfaces are symplectic submanifolds.
We will use the case (n, k) = (3, 1), of the above result in our paper.
Our next symplectic building blocks comes from [3] (see Theorem 5.1,
page 14)
Theorem 3.12. For any integer g ≥ 1, there exist a minimal symplectic
4-manifold Xg,g+2 obtained via Luttinger such that
(i) Xg,g+2 is simply connected
(ii) e(Xg,g+2) = 4g + 2, σ(Xg,g+2) = −2, c21(Xg,g+2) = 8g − 2, and
χ(Xg,g+2) = g.
(iii) Xg,g+2 contains the symplectic surfaceΣ of genus 2with self-intersection
0 and 2 genus g surfaces with self-intersection −1 intersecting Σ
positively and transversally.
Our third symplectic building blocks comes from [6].
Theorem 3.13. There exist a minimal symplectic 4-manifold Xg,g+1 ob-
tained via Luttinger such that
(i) Xg,g+1 is simply connected
(ii) e(Xg,g+1) = 4g + 1, σ(Xg,g+1) = −1, c21(Xg,g+2) = 8g − 1, and
χ(Xg,g+1) = g.
(iii) Xg,g+1 contains the symplectic surfaceΣ of genus 2with self-intersection
0, genus Σg+1 symplectic surface with self-intersection 0 intersect-
ing Σ positively and transversally.
For the convenience of the reader, we will spell out the details of the
constructions of Xg,g+2 and Xg,g+1 in Section 5.
4. CONSTRUCTION OF EXOTIC (2n− 1)CP2#(2n− 1)CP2 FOR n ≥ 12
In this section we intend to study the geography of non-spin simply con-
nected symplectic and smooth 4-manifolds with signature zero. We will
prove our first main theorem (Theorem 1.1), which improves the main re-
sult obtained in [7]. We will split the proof of Theorem 3.9 into two separate
theorems. The first theorem (Theorem 4.1) deals with the case n ≥ 13, and
the second theorem (Theorem 4.4) addresses the case n = 12, for which the
construction is slightly different than n ≥ 13 case.
The proof of Theorems 4.1 and 4.4 will be broken into several parts.
First, we construct our manifolds using the symplectic connected sum of
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the complex surface S, and the symplectic building blocks given in Sec-
tion 3.4 obtained via Luttinger surgery. In the second step, we show that the
fundamental groups of our manifolds are trivial, and determine their home-
omorphism types. Next, using the Seiberg-Witten invariants and Usher’s
Minimality Theorem [43], we distinguish the diffeomorphism types of our
4-manifolds from the standard (2n−1)CP2#(2n−1)CP2. Finally, by per-
forming the knot surgery operation along a homologically essential torus on
these symplectic 4-manifolds, we obtain an infinite family of pairwise non-
diffeomorphic irreducible symplectic and non-symplectic exotic copies of
(2n− 1)CP2#(2n− 1)CP
2
.
Theorem 4.1. Let M be (2n − 1)CP2#(2n − 1)CP2 for any n ≥ 13.
There exists an infinite family of smooth closed simply-connected minimal
symplectic 4-manifolds and an infinite family of non-symplectic 4-manifolds
that all are homeomorphic but not diffeomorphic to M .
Our first building block will be the complex surface S#CP2 along with
the genus 6 symplectic surface R˜ ⊂ S#CP2, which we constructed in Sec-
tion 2. We endowed S#CP2 with the symplectic structure induced from
the Ka¨hler structure. Our second building block will be the symplectic 4-
manifold X(3, 1) along the symplectic submanifold Σ′6 (see Section 3.4).
Let Z(3) be the symplectic 4-manifold obtained by forming the symplectic
connected sum of S#CP2 and X(3, 1) along the surfaces R˜ and Σ′6.
Z(3) = (S#CP
2
)#
R˜=Σ′
6
X(3, 1).
It follows from Gompf’s theorem in [20] that Z(3) is symplectic.
Lemma 4.2. Z(3) is simply-connected.
Proof. By applying the Seifert-Van Kampen theorem, we see that
π1(Z(3)) =
π1(S#CP
2
\ νR˜) ∗ π1(X(3, 1) \ νΣ
′
6)
〈a1 = a
′
1, b1 = b
′
1, · · · , a6 = a
′
6, b6 = b
′
6, µ = µ
′ = 1〉
.
where ai, bi, and a′i, b′i (for i = 1, · · · , 6) denote the standard generators
of the fundamental group of the genus 6 Riemann surfaces R˜ and Σ′6 in
S#CP
2
and in X(3, 1), and µ and µ′ denote their meridians in S#CP2\νR˜
and in X(3, 1) \ νΣ′6 respectively. Using the Proposition 2.9 (iii), and the
facts that the normal circle µ = {pt} × S1 of R˜ in π1(S#CP
2
\ ν(R˜)) and
the loops a′1, b′1, · · · , a′6, b′6 in π1(X(3, 1) \ ν(Σ′6)) are all trivial, we see that
the fundamental group of Z(3) is the trivial group.
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
Lemma 4.3. e(Z(3)) = 52, σ(Z(3)) = 0, c21(Z(3)) = 104, and χ(Z(3)) =
13.
Proof. By applying the formulas 7 and 8, we have e(Z(3)) = e(S#CP2)+
e(X(3, 1)) + 4(6 − 1), σ(Z(3)) = σ(S#CP
2
) + σ(X(3, 1)), c21(Z(3)) =
c21(S#CP
2
)+c21(X(3, 1))+8(6−1), and χ(Z(3)) = χ(S#CP
2
)+χ(X(3, 1))+
(6 − 1). Since e(X(3, 1)) = 16, σ(X(3, 1)) = −4, c21(X(3, 1) = 20,
χ(X(3, 1)) = 3, e(S#CP
2
) = 16, σ(S#CP
2
) = 4, c21(S#CP
2
) = 44, and
χ(S#CP
2
) = 5, the proof of lemma follows.

Using Freedman’s classification theorem for simply-connected 4-manifolds
[19], the lemma above and the fact that S#CP2 contains genus two surface
of self-intersection −1 disjoint from R˜, we conclude that Z(3) is homeo-
morphic to (2n − 1)CP2#(2n − 1)CP2 for n = 13. Since Z(3) is sym-
plectic, by Taubes’s theorem [41]) Z(3) has non-trivial Seiberg-Witten in-
variant. Next, using the connected sum theorem for the Seiberg-Witten
invariant, we deduce that the Seiberg-Witten invariant of 25CP2#25CP2 is
trivial. Since the Seiberg-Witten invariant is a diffeomorphism invariant,
Z(3) is not diffeomorphic to 25CP2#25CP2. Furthermore, Z(3) is a min-
imal symplectic 4-manifold by Usher’s Minimality Theorem [43]. Since
symplectic minimality implies smooth minimality (cf. [25]), Z(3) is also
smoothly minimal, and thus is smoothly irreducible.
To produce an infinite family of exotic 25CP2#25CP2’s, we replace
the building block Y6(1, 1) used in our construction of X(3, 1) above with
Y6(1, m) (see Section 3.4, page 14), where |m| > 1. Let us denote the re-
sulting smooth 4-manifold as Z(3, m). In the presentation of the fundamen-
tal group, the above surgery amounts replacing a single relation [c−1, bn] =
d in π1(X(3, 1)), corresponding to the Luttinger surgery (a′′n × d′, d′, 1),
with [c−1, bn]−m = d. Notice that changing this relation has no affect on
our proof of π1(Z(3)) = 1; all the fundamental group calculations follow
the same lines of arguments, and thus π1(Z(3, m)) is trivial group.
Let us denote by Z(3)0 the symplectic 4-manifold obtained by perform-
ing the following Luttinger surgery on: (a′′n × d′, d′, 0/1) instead of (a′′n ×
d′, d′, 1) in the construction of Z(3). It is easy to check that π1(Z(3)0) = Z
and the canonical class ofZ(3)0 is given by the formulaKZ(3)0 = KS#CP2+
2[Σ6]+
∑4
j=1[R¯j ]+Σ
′
6+ R˜+ . . . , where R¯j are tori of self-intersection−1.
Moreover, the Seiberg-Witten invariants of the basic class βm of Z(3, m)
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corresponding to the canonical class KZ(3)0 evaluates as SWZ(3)(βm) =
SWZ(3)(KZ(3)) + (m− 1)SWZ(3)0(KZ(3)0) = 1+ (m− 1) = m. Thus, we
conclude that Z(3, m) is nonsymplectic for any m ≥ 2.
Alternatively, we can use the rim tori that were constructed in the Re-
mark 3.11. Notice that these tori are Lagrangian, but we can perturb the
symplectic form so that one of these tori, say T becomes symplectic. More-
over, π1(Z(3) \ T ) = 1, which follows from the Van Kampen’s Theorem
using the facts that π1(Z(3)) = 1 and the rim torus has nullhomotopic
meridian. Hence, we have a symplectic torus T in Z(3) of self-intersection
0 such that π1(Z(3) \ T ) = 1. By performing a knot surgery on T , inside
Z(3), we acquire an irreducible 4-manifold Z(3)K that is homeomorphic to
Z(3). By varying our choice of the knot K, we can realize infinitely many
pairwise non-diffeomorphic 4-manifolds, either symplectic or nonsymplec-
tic.
Furthemore, by applying Theorem 3.6, and then Theorem 3.7 to sym-
plectic 4-manifold Z(3), we obtain infinitely many minimal symplectic 4-
manifolds and infinitely many non-symplectic 4-manifolds that is homeo-
morphic but not diffeomorphic to (2n−1)CP2#(2n−2)CP2 for any integer
n ≥ 14. This concludes the proof of our theorem.
Next, we prove the following theorem which considers the case n = 12.
Since the proof is similar to the proof of previous theorem, we omit some
details
Theorem 4.4. Let M be 23CP2#23CP2. There exists an irreducible sym-
plectic 4-manifold and an infinite family of pairwise non-diffemorphic irre-
ducible non-symplectic 4-manifolds that all of which are homeomorphic to
M .
Our first building block again will be the complex surface S#CP2 along
with the genus 6 complex submanifold R˜ ⊂ S#CP2 that was constructed
in Section 3.4. Let us endow S#CP2 with the symplectic structure in-
duced from the Ka¨hler structure. Our second building block will be ob-
tained from the symplectic 4-manifold X2,4 via two blow-ups. Recall from
Theorem 3.12 that X2,4 contains symplectic surface Σ2 with self intersec-
tion 0 and two genus 2 surfaces, say S1 and S2, with self intersections −1.
Moreover, S1 and S2 intersect with Σ2 positively and transversally. By sym-
plectically resolving the intersections of Σ2 with S1 and S2, we obtain the
genus six symplectic surface Σ′6 of square +2 in X2,4. We symplectically
blow up Σ′6 at two points to obtain a symplectic surface Σ′′6 of self intersec-
tion 0 in X2,4#2CP
2 (see Figure 5).
22 ANAR AKHMEDOV AND S ¨UMEYRA SAKALLI
We denote by Z(2) the symplectic 4-manifold obtained by forming the
symplectic connected sum of S#CP2 and X2,4#2CP
2
along the surfaces R˜
and Σ6”.
Z(2) = (S#CP
2
)#
R˜=Σ′′
6
X2,4#2CP
2
It follows from Gompf’s theorem in [20] that Z(2) is symplectic.
Lemma 4.5. Z(2) is simply-connected.
Proof. This follows from Van Kampen’s Theorem. Notice that we have
π1(Z(2)) =
π1(S#CP
2
\ νR˜) ∗ π1(X2,4#2CP
2
\ νΣ′′6)
〈a1 = a′′1, b1 = b
′′
1, · · · , a6 = a
′′
6, b6 = b
′′
6, µ = µ
′′ = 1〉
.
where ai, bi, and a′′i , b′′i (for i = 1, 2, 3) denote the standard generators of the
fundamental group of the genus 6 Riemann surfaces R˜ and Σ′′6 in S#CP
2
and in X2,4#2CP
2
, and µ and µ′′ denote their meridians respectively.
By applying the Proposition 2.9 (iii), and the facts that the normal circle
µ of R˜ in π1(S#CP
2
\ νR˜) and the loops a′′1 , b′′1 , · · · , a′′6 , b′′6 , and µ′′ in
π1(X2,4#2CP
2
\ νΣ′′6) are all trivial, we conclude that the fundamental
group of Z(2) is trivial.

Lemma 4.6. e(Z(2)) = 48, σ(Z(2)) = 0, c21(Z(2)) = 96, and χ(Z(2)) =
12.
Proof. Using the formulas 7 and 8, we have e(Z(2)) = e(S#CP2) +
e(X2,4#2CP
2
)+4(6−1), σ(Z(2)) = σ(S#CP
2
)+σ(X2,4#2CP
2
), c21(Z(2)) =
c21(S#CP
2
) + c21(X2,4#2CP
2
) + 8(6 − 1), and χ(Z(2)) = χ(S#CP2) +
χ(X2,4#2CP
2
) + (6 − 1). Since e(X2,4#2CP
2
) = 12, σ(X2,4#2CP
2
) =
−4, c21(X2,4#2CP
2
) = 16, χ(X2,4#2CP
2
) = 2, e(S#CP
2
) = 16, σ(S#CP
2
) =
4, c21(S#CP
2
) = 44, and χ(S#CP2) = 5, the proof of lemma readily fol-
lows.

Now by the lemmas above, Freedman’s classification theorem for simply-
connected 4-manifolds [19], and the fact that Z(2) contains −1 genus two
surface resulting from internal sum, we see that Z(2) is homeomorphic
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to 23CP2#23CP
2
. Since Z(2) is symplectic and has non-trivial Seiberg-
Witten invariants, Z(2) is an exotic copy of 23CP2#23CP2. To produce
an infinite family of exotic 23CP2#23CP2’s, we need to replace the build-
ing block Y2(1, 1) used in our construction of X2,4 above with Y2(1, m),
where |m| > 1. The proof of the rest of the theorem is identical to that of
Theorem 4.1, and therefore we omit the details.
5. CONSTRUCTION OF EXOTIC 4-MANIFOLDS WITH POSITIVE
SIGNATURE
In this section, we will construct the families of simply connected non-
spin symplectic and smooth 4-manifolds with positive signature and small
χ . Our construction will prove the second main theorem (Theorem 1.2) of
this paper stated in the introduction. We will first prove the Theorem 1.2 in
special cases of (i)-(iii), and then derive the general cases using the Theo-
rems 3.6, 3.7, and Corollary 3.8. The generalizations of the results of this
section for other fundamental groups and higher values of χ is considered
in [40].
5.1. Signature Equal to 1 Case. Let us begin with the construction of an
exotic copy of 27CP2#26CP2, which exemplifies the signature equal to 1
case (i.e. the case (i) of Theorem 1.2).
Our first building block is the complex surface S#CP2 along with the
genus 6 symplectic surface R˜ constructed in Section 2. The second build-
ing block is obtained from the symplectic 4-manifold X4,6, in the notation
of Theorem 3.12. We will use the fact that X4,6 contains a symplectic genus
two surface Σ2 with self-intersection 0 and two genus 4 symplectic sur-
faces with self intersections−1 intersecting Σ2 positively and transversally.
For the convenience of the reader, we briefly review the construction of
X4,6 (see [3] for the details). Take a copy of T2 × {pt} and {pt} × T2
in T2 × T2 equipped with the product symplectic form, and symplecti-
cally resolve the intersection point of these dual symplectic tori. The res-
olution produces symplectic genus two surface of self intersection +2 in
T2 × T2. By symplectically blowing up this surface twice, in T4#2CP2,
we obtain a symplectic genus 2 surface Σ2 with self-intersection 0, with
two −1 spheres (i.e. the exceptional spheres resulting from the blow-ups)
intersecting it positively and transversally. Next, we form the symplectic
connected sum of T4#2CP2 with Σ2×Σ4 along the genus two surfaces Σ2
and Σ2 × {pt}. By performing the sequence of appropriate ±1 Luttinger
surgeries on (T4#2CP2)#Σ2=Σ2×{pt}(Σ2 × Σ4), we obtain the symplectic
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4-manifold X4,6 constructed in [3] (see Theorem 5.1, page 14), which is
an exotic copy of 7CP2#9CP2 . It can be seen from the construction that,
X4,6 contains symplectic surface Σ2 with self intersection 0 and two genus 4
surfaces S1 and S2 with self intersections−1 which have positive and trans-
verse intersections with Σ2. Notice that the surfaces S1 and S2 result from
the internal sum of the punctured exceptional spheres in T4#2CP2 \ ν(Σ2)
and the punctured genus four surfaces in Σ2×Σ4\ν(Σ2×{pt}) (see the Fig-
ure 5). Moreover, X4,6 contains a pair of disjoint Lagrangian tori T1 and T2
with the same properties as assumed in the statement of the Corollary 3.8.
Notice that these Lagrangian tori descend from Σ2×Σ4, and survive in X4,6
after symplectic connected sum and the Luttinger surgeries. This is because
there are at least two pairs of Lagrangian tori in Σ2 × Σ4 that were away
from the standard symplectic surfaces Σ2 × {pt} and {pt} × Σ4, and the
Lagrangian tori that were used for Luttinger surgeries (for an explanation,
see subsection 3.3, page 13). Also, the fact that π1(X4,6 \ (T1 ∪ T2)) = 1 is
explained in details in [7] (see proof of Theorem 8, page 272).
Next, we symplectically resolve the intersection of Σ2 and one of the
genus 4 surfaces, say S1, in X4,6. This produces the genus six surface Σ′6
of square +1 intersecting the other genus 4 surface S2 with self-intersection
−1. We blow up Σ′6 at a point to obtain a symplectic surface Σ6 of self
intersection 0 in X4,6#CP
2 (see Figure 5).
Since each of the two symplectic building blocks S#CP2 and X4,6#CP
2
contain symplectic genus 6 surfaces of self intersection 0, we can form their
symplectic connected sum along these surfaces R˜ and Σ6. Let
M1,4 = (S#CP
2
)#R˜=Σ6(X4,6#CP
2
).
Lemma 5.1. e(M1,4) = 55, σ(M1,4) = 1, c21(M1,4) = 113, χ(M1,4) = 14.
Proof. We will use the topological invariants of X4,6 and S#CP2 to com-
pute the topological invariants of M1,4. Since e(S) = 15, σ(S) = 5,
c21(S) = 45, χ(S) = 5, we have e(S#CP
2
) = 16, σ(S#CP
2
) = 4,
c21(S#CP
2
) = 44, χ(S#CP
2
) = 5. Also, by Theorem 3.12, we have
e(X4,6) = 18, σ(X4,6) = −2, c
2
1(X4,6) = 30, χ(X4,6) = 4. Thus, we
have e(X4,6#CP
2
) = 19, σ(X4,6#CP
2
) = −3, c21(X4,6#CP
2
) = 29,
χ(X4,6#CP
2
) = 4. Now using the formulas 7 and 8 for symplectic con-
nected sum, we compute the topological invariants of M1,4 as given above.

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FIGURE 5.
Similary as in the signature zero case in Section 4, we show that M1,4
is symplectic and simply connected, using Gompf’s Theorem 3.2 and Van
Kampen’s Theorem respectively. Using the same lines of arguments as in
Section 4, we see that M1,4 is an exotic copy of 27CP2#26CP
2
. More-
over, as was explained above, M1,4 contains a pair of disjoint Lagrangian
tori T1 and T2 of self-intersection 0 such that π1(M1,4 \ (T1 ∪ T2)) = 1.
We can perturb the symplectic form on M1,4 in such a way that one of the
tori, say T1, becomes symplectically embedded. The reader is refered to
Lemma 1.6 [20] for the existence of such perturbation. We perform a knot
surgery, (using a knot K with non-trivial Alexander polynomial) on M1,4
along T1 to obtain irreducible 4-manifold (M1,4)K that is homeomorphic
but not diffemorphic to M1,4. By varying our choice of the knot K, we
can realize infinitely many pairwise non-diffeomorphic 4-manifolds, either
symplectic or nonsymplectic (see Theorem 3.7). Finally, by applying Theo-
rems 3.6, 3.7, and Corollary 3.8, we also obtain infinitely many irreducible
symplectic and infinitely many irreducible non-symplectic 4-manifolds that
is homeomorphic but not diffeomorphic to (2n− 1)CP2#(2n− 2)CP2 for
any integer n ≥ 15.
5.2. Signature Equal to 2 Case. The construction in this case is similar
to that of σ = 1 case above, therefore we will omit some of the already
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familiar details. We will first construct an exotic copy of 25CP2#23CP2,
and use the Theorems 3.6 and 3.7 and Corollary 3.8 to deduce the general
case. Our first building block again is S#CP2, containing genus 6 surface
R˜ of square 0. To obtain the second symplectic building block, we form the
symplectic connected sum of T4#2CP2 with Σ2 × Σ5 along the genus two
surfaces Σ2 and Σ2 × {pt}. Let
X5,7 = (T
4#2CP
2
)#Σ2=Σ2×{pt}(Σ2 × Σ5).
T 2
T 2
resolve at p and blow up twice
Σ2
T 2
Σ2
Σ5
Σ6
Σ2in T 4♯2CP
2
Σ5 Σ5
sum along Σ2
in Σ2 × Σ5
in T 4
0
0
p
Σ2
0
S2 S2
-1 -1
0
0
S2 S2
-1 -1
in T 4♯2CP
2
0
0
in X5,7
0
0 0 0
FIGURE 6.
It was shown in [3] (see Theorem 5.1, page 14), that X5,7, which is an
exotic copy of 9CP2#11CP2. Using the Figure 6, it is easy to see that X5,7
contains a symplectic genus 6 surface Σ6 of square 0 resulting from the
internal sum of a punctured genus one surface in T4#2CP2 \ ν(Σ2) and
a punctured genus five surface Σ5 in Σ2 × Σ5 \ ν(Σ2 × {pt}). Next, we
form the symplectic connected sum of S#CP2 and X5,7 along the genus
six surfaces R˜ and Σ6
M2,5 = (S#CP
2
)#
R˜=Σ6
X5,7.
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along the copies of Σ6 in both of the 4-manifolds. It is easy to check that
the following lemma holds
Lemma 5.2. e(M2,5) = 50, σ(M2,5) = 2, c21(M2,5) = 106, χ(M2,5) = 13.
We conclude as above that M2,5 is symplectic and simply connected and
an exotic copy of 25CP2#23CP2. Once again, by applying Theorems 3.6
and 3.7, and Corollary 3.8, we obtain infinitely many minimal symplec-
tic 4-manifolds and an infinitely many non-symplectic 4-manifolds that is
homeomorphic but not diffeomorphic to (2n−1)CP2#(2n−3)CP2 for any
integer n ≥ 13.
5.3. Signature Equal to 3 Case. In what follows, we will construct simply
connected non-spin irreducible symplectic and smooth 4-manifolds with
signature 3. We will first consider a special case in which our construction
yields infinitely many exotic copies of 29CP2#26CP2. The general case
again will be proved by appealing to Theorems 3.6, 3.7, and Corollary 3.8.
The first building block is again S#CP2 and the second building block
is the symplectic 4-manifold X5,6, an exotic 9CP2#10CP
2
constructed in
[6]. Let us recall the construction of exotic copy of 9CP2#10CP2 from [6].
We take a copy of T2 × {pt} and the braided torus Tβ representing the ho-
mology class 2[{pt} × T2] in T2 × T2 (see [6], page 4 for the construction
of Tβ). The tori T2 × {pt} and Tβ intersect at two points. We symplecti-
cally blow up one of these intersection points, and symplectically resolve
the other intersection point to obtain the symplectic genus two surface of
self intersection 0 in T4#CP2 (see [6], pages 3-4). The symplectic genus
2 surface Σ2 has a dual symplectic torus T2 of self intersections zero inter-
secting Σ2 positively and transversally at one point. We form the symplectic
connected sum of T4#CP2 with Σ2 × Σ5 along the genus two surfaces Σ2
and Σ2 × {pt}. By performing the sequence of appropriate ±1 Luttinger
surgeries on (T4#CP2)#Σ2=Σ2×{pt}(Σ2 × Σ5), we obtain the symplectic
4-manifold X5,6 constructed in [6]. It can be seen from the construction
that, X5,6 contains symplectic surface Σ6 with self intersection 0, resulting
from the internal sum of the punctured torus in T4#CP2 \ ν(Σ2) and the
punctured genus five surfaces in Σ2×Σ5 \ ν(Σ2×{pt}) (see the Figure 7).
Furthemore, X5,6 contains a pair of disjoint Lagrangian tori T1 and T2 with
the properties required by Corollary 3.8. These Lagrangian tori descend
from Σ2 × Σ5 and survive in X5,6 after symplectic connected sum and the
Luttinger surgeries.
As in the signature 1 and 2 cases above, we will form the symplectic
connected sum along genus 6 surfaces. Let
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M3,5 = (S#CP
2
)#
R˜=Σ6
(X5,6).
Lemma 5.3. e(M3,5) = 57, σ(M3,5) = 3, c21(M3,5) = 123, χ(M3,5) = 15.
Proof. Firstly, we compute the topological invariants X5,6. Notice that
e(T4#CP
2
) = 1, σ(T4#CP
2
) = −1, c21(T
4#CP
2
) = −1, χ(T4#CP
2
) =
0. For Σ2×Σ5, we have e(Σ2×Σ5) = 16, σ(Σ2×Σ5) = 0, c21(Σ2×Σ5) = 32
and χ(Σ2 × Σ5) = 4. Therefore, for the symplectic connected sum man-
ifold X5,6, we have e(X5,6) = 21, σ(X5,6) = −1, c21(X5,6) = 39 and
χ(X5,6) = 5. With the invariants of S#CP
2
and X5,6 at hand, we compute
the topological invariants of M3,5 as above using the formulas 7 and 8.

Following the arguments as in the proof of Theorem 4.1, we see that
M3,5 is an exotic copy of 29CP2#26CP
2
, which is also smoothly minimal.
Once again, by applying Theorems 3.6, 3.7, and Corollary 3.8, we obtain
infinitely many minimal symplectic 4-manifolds and an infinite family of
non-symplectic 4-manifolds that is homeomorphic but not diffeomorphic to
(2n− 1)CP2#(2n− 4)CP
2 for any integer n ≥ 15.
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5.4. Signature greater than 3 Case. In what follows, we discuss how to
extend the constructions given in Theorem 1.2 to obtain the simply con-
nected non-spin irreducible symplectic 4-manifolds with σ > 3. Our moti-
vation for constructing such examples comes from the article [4], where the
geography of simply connected non-spin 4-manifolds with positive signa-
ture are studied in details. We will make use of a very recent construc-
tion of Catanese and Detweiller in [14] (see Section 4), which general-
izes the complex surfaces of Hirzebruch and Bauer-Catanese with invari-
ants c21 = 9χh = 45 that we employed in the proof of Theorem 1.2.
Let n > 1 be any positive integer relatively prime with 6. In [14], us-
ing (Z/nZ)2 Galois coverings of the rational surface, an infinite family
of complex surfaces S(n) of general type with c12(S(n)) = 5(n − 2)2,
c2(S(n)) = 2n
2 − 10n + 15, σ(S(n)) = 1/3(n2 − 10) and irregularity
q = (n − 1)/2 are constructed. The surfaces S(n) admit a genus n − 1
fibration over genus k := (n − 1)/2 surface with three singular fibers, and
each singular fiber consists of two smooth curves of genus k intersecting
transversally in exactly one point (see Proposition 29 in [14], page 15).
Notice that in the special case of n = 5, the surface S(5) is the com-
plex surfaces of Hirzebruch and Bauer-Catanese. Furthemore, the analog
of Proposition 2.9 holds for S(n), which show the existence of genus 3k
symplectic surface R˜n in S(n)#CP
2
with self-intersection zero and with
π1(R˜n) → π1(S(n)#CP
2) being surjective. Using the symplectic sum of
S(n)#CP
2 (for n > 5) and the appropriate exotic symplectic 4-manifolds
constructed in Section 3.4 along the genus 3k surfaces, we obtain the sym-
plectic 4-manifolds with σ > 3. Since the proofs are similar to those al-
ready given in Theorems 1.1 and 1.2, we omit the details. We would like to
remark that the examples discussed here significantly improves the bound
λ(σ) studied in [7, 4] for σ ≥ 0.
Remark 5.4. In [1], the first author has given a construction of an infinite
family of fake rational homology (2n−1)CP2#(2n−1)CP2 for any integer
n ≥ 3, and the approach presented in [1] is promising in constructing the
exotic smooth structures on 4-manifolds with nonnegative signature and
χ ≥ 3. We hope that using the building blocks discussed in this article
and the ones studied in [1], one can construct symplectic 4-manifolds that
is homeomorphic but not diffeomorphic to (2n− 1)CP2#(2n− 1)CP2 for
various n with 3 ≤ n ≤ 11. We will return to this problem in a follow up
project.
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